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ARSTRACT

Hmpdida mesh shapegnAidy e be mpromed By opdimisng @ objerdine Innciion based on tedmbedra shape
meamren |F the objeriines Innckion in brmonlated in teema of 28l demends in 2 given mesh rather than a boeal patch,
one in ronfronked with A bugeacAe, nonlinessr, conrimined nnmerical opdimiesdion polem. We inveatigate the
nee oF nix generalpopone abde-of-dhe-an ohem and oo oolom-devedoped method e to eolve Ehe rewliing buge-
nrAle pobiem The performance of rach method W mvAlnaled in derme oF roboeknes, fme 0 ointion, convegme
properiien, and acalabilly on eeverl feo- and fhee-dimensional ek ceen

Eiywnnla mixh sminrthing, wptimisetinon, mesh jpality imprisnaoent, mesan mtin
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Thee methedd e an optiTeization algerithn
or heiriatie te itaprove the guality of the ele
Tenta adjacent tovertives temg reeaiticoned. The
Tacat comamacmly wasd masmh-aracothing techmicgue
in Laplasian arcething, which melocaten & aingle
peAnt te the geemettic center of ita adjanent ver-
tiredn Thia techmic e i/ eompitatiomally inexpen-
Aive amed aitaple to itaplemaent, it it can prechiee
meahe with invalid or poor-cmiality elementa [11].
Ter urlechrena thess problemm, wasamrrhetn ave devel-
cped optitnization-Teaed Tnetheda that giarantes
el gpmelity itnprevernent. Thewr methedl are
fermulated in terma of the detign variahles [eme
o TRETE Verticed to he tepoattioned ), an impmowve-
ment gral [the quality metrie, ohjective fimetien,
and comatraintal, and the algerithm med to calom-
late &an optiTeal Aolition.

Mrat work in eptitmizstien-hased areeot hing epo-
Aitioma cme wertex st & titee. A numaher of awesTa
cwer the adjuatahle verticea ame pedformed to
arhieve cwerall Trapreweraent o the ramh. The
giality mettica optitneed range frome a prion gee-
mettic critetia [27, 18] and algehraic quafity met-
virn [16, 17] to @ prateriori etrics that minimize
aclutien ertor irtﬁmtr;uﬂ]. An ohjective fime-
tiem A then defineed h on & eAlty Tetrie to
et varous iTpresernent grala. For examaqnle, to
itpreve the average cuaality of Temh eletnenta, ome
wasi &n £ or £ moma [17]; amd to improve the
wotat qslity elemnent, ome e an £, erma [12].
The optiteization Tetheds empleyed inclnde com-
jugate gradient techmicpes [19], Amplex methoda
[13], aned active-aet algorithrm [12].

Simailar technic s can he maed to Tepeaition Tany
vertirea Aitmittangenaly. Hemever, & ashintiem to
the reanlting nemlinesr, comtrained optimizatien
prehlera A tacte diffenlt o calonlate a4 the nim-
her of dedgn variablen increaam. Geveral Teth
el have hieen uaed 1o anlve thin prohler for heth
atretnred aned imatmictured grich.

Ferr atretired menh generation ming direct op-
tirnEation techmigmea [3, 6] reearcher have em-
Pleyed comjigate gradient [35] and trimested New-
tem [#] metheda. Feveral drategiea have heen -
veaigated for imatructimed meahea. For examnle,
White amwd Rexltigne e & potential energy fime-
tiem defined om the grid mocdes te puah thern away
fremn each other by uAng & Atespea dearent opti-
migatiom precedute [F. The methed incorporates
edge ARARTINE, Tetriangularization, and Taplasian
ameet Wing to achieve a final Tamh. Atnezna et &l
develoned & lemgth comtraint Tethed in which a
maer-clefinedd cemity fimetion determaines the ideal
length of elementa within s given wgion [1]. An
err fimetiom previding the difference hetween the
ides] and actusl &lge Engtha for & pateh of mxdes

in defined anel TaTniTaized by RiTg & cpiani-hewten
anpresch. Farthaastthy amd Keeliyalam optimizs
the Py nortaof the element aapect raticn awl com-
attain each elerent to eaintain peaitive volime
[25]. The minitiezation A pefomed by wdng &
el iflerd feaaihle ditertion e thesd to find & azanh
ditection at each iteratiom. Kmpp eptimiezes the
cemelitien mmter of tetrahedral and hexahedral
elreent Tamhes RINE & conjugate gradient Taethexd
18], Other reaearcher have naed ateenet dearent
3|, guadratic pregramming [7], and conjugate
gracdienta [15] te anlve wlated prehlemin.

While aeveral techmicen have teen adverated to
aclve the prohlera of ATl taneomily TEReaitioming
AN werficed to itaprewe Tadsh opeality, it e it
pemaible ter compare thern hecame different tierit
fum-tema &re nasd om wrymg teat ceaea Th ad-
drean thin e, we comlicted & formal atdy
eif asvera]l exqating optimization metheda 1A &
comiatent problern fermanlation Aimilar o that of
Parthaaarthy and Hediyalarn [25]. The problen &
dlesrribied in T detall in Sectiem 2. We then com-
Aicker eight anlver: aix publicly availahble, gemeral-
prpene anftwrare packaged and ton Teethesdn de-
aigmed apecifically for the taesh guiality imnpmewe-
Taent problera. Tn Gection 3, & give an cyeriEw
of the optitnzaton techmigees waed in cur atudy,
Tn Sectiem A, we preaent mmaerical reanlta aned an-
alyze the efertivenesin of each aolver. Tn partion-
lar, we ecarning the effect of mitial meah guality
cm algerithmn perfermance and eveluate the abil-
ity of the algerithrn to aolve aeveral twe- ancd
threedimemional teat caea. For the Taeat promiiae
ing algerithrne, we atidy the comvergenee Wi ories
ter cdetertaine T early termaination A an option to
reehee comapitaticmal ceata and inveatigate ther
acklability aa problern aize incresas.  Tn Gectiem
S, we auramarizge out indingh and rank the algo-
rithran from Teat proTniaing to lenat effertive.

2. PROBLEM FORMULAT KN

Meahen can he itapreved with reapest te any nim-
her of guality tnetricd inehed g ahape, Aize, align-
TNt Anhitiem &rrer, of comabinatioma of theas . T
keep the meaeamh epomted in thin mper of Tan
ageahle Rize, we invedtigate the hehavior of the op-
tineation aolveta 1RiRg & Akape etric and leave
inveatigatiem of anlver heharior aing the other
tyqea of taettien for ftre work. Shape raetrtica
are mapertant hecaime they can be nasd to comtrol
cme of the Taeat iTnortant propertiea of & finite
ekreent Taesh, mamely eleraent akew and sapect
ratin. Aracmg the varicim ahape etrcs, we e
aelected the rean tatio rettic (28, 5mee a vatety
oif Alape Tesame ave Teen A ter e eepRvA-



lent in the aemae that all are zern when the tetra-
hedral element ia flat aned appressch 1mity for an
erpilateral tetrahedron [21], it W Tkely that the he
havior ofthe optitnisat iom acolvers in thin compan-
AT R TEpTEAsTtat Ve of the aolver heharior 17 ot her
ahape maetticd wers ed, Tt we have not verified
thn. We firther litait enm inveatigation to the op-
tirnEation of ehe for the pumene of creating
it renie elerenta. Thin determvines & fiked weight
matrk H In the formanlatiem of the ean tatio
helow. The hehavior of the aslvera i thin atwdy
sy difer when apphfied to optiveize aniaottope
Tneahen ing & chifferent F°. However, prelitninany
experiTeenta with the identity weight matrix and
Fesah ewt algorithmo dearribed i Bectiem 3 inehi-
cate & tinitaal itpart om perforrvance when come-
pared tor the rame aethexd with the weight matrx
helow.

Ter clefine: the Tiean tatie TetAe, 16t © he & tetra-
herdral glemnent with vertex ceorfinatea 2o, 2,
rx, and zaz, aml defilne & matrix A anch that the
three =lge vertom emanating frome wertex zeto
forma the columana of the matrik. That a, A =
[£) — 2, Zx— Zp, Ex— Ep]. The mean ratio
Tneante A forraulated o terman of A sa

_ 3e)F
TETAR

where & = ds[A) and || - ||p dignifiea the Frohe
niA Tattx nerte. The mean tato appreaches

getn for nearly flat elementa &wd A imity for &
right-amgled tetrahedrmn.

Following the idesa in [11], we meformnlate the
Tean Tatio mettic propeasd in [32] Ao that it at-
taina the Taxitmm value for an eqpnlateral teita-
hedrwem. Th dr Ao, we intrechice & weight Tiatrx

W,
o a2 i ).

o0 N3

W

which i fermed from the vertex coemdinates of &
umit epiilatersl tetrahedren. We mote that the uas
of & weight meatrix, W, createn & fleadhle etric
which can be referenced to any idesl element; for
examnle, anaottopie elementa commaenly foamd in
hemmd sty Tayer e,

Tet T he the matrix defined by T = A o
that T ia the identity matrie when the element
i eqpnlateral and = de2[T). The reforrnlated

TERT TatE Teamite B then

)
|7 I

=

Thia Teesairs range fromy 2eto to unity, with zemn
indhicating a “Aat™ element ane unity an ecprlat-
el tetrahedren.  We note that thin mesanrs |
ecprivalent teo the weighted comditen mmher Tnes-
aure [18].

One cam alao derive a weighted riesn tatio Tesme
fer triangular elerenta referenced te anapilatersl
triangle,

2r
I 1%

p=

where the weght Tattix ia

W=(|; Jgﬂj.

Fer trianglen, the Tesan tatio mesante in dentical
to the comefitiem nmaher of T hecame for 2= 2
mattice the Frohenim mrm of T eguiala the
Frohenina ormn of T divided by the ahashne valie
eof the determinant of T

The aitpleat Px ohjective Aimecticn eme can com-

Attt fromn thin Tiesaute ia formed by takmg the
invere Tiean Tatio Ao that each term m the ob-
jective function ranges fremn imity te mflnity. By
cleimg o, we create & “harrier” againd meh i
vemion., The optinieaton algorithma prerented
in thin paper thin azek to find the et of free wede
LeRiteoma [2;, 0, 2:0, f=1,. .., F, that minimies

Pl 22, .0= E.I'*_I (€

where the s extenda cver all of the elerenta <
in the meah. Benmdary wxden are sanmed to he
fixerd. The ohjective imetien ia nemlinesr hecauns
it cemAiate of mimaa of term of gusad ratic fimctiom
cver molymemaial fiimetemna.,

We define the fesaihle regicem to he the ast of neede
leeatiom for which &l the tetrahed s o the Tasth
have peritive vohimae, and we samimae thin egien



in nemerapty. The realting optimization prohlem

Tim I Y

anhject te Fle ) = 7 for all £,

where )7 = 0 i arficently amaall, T given to the
cptitmzation acftwamre alomg with & feaaihle point
where the comattainta are not active. Becaine all
nexlen om the tenmdary of the taeah are flxed | thems
are My amd 3V deges of freedomn in the oqti-
Taizaticm problem for two amd theeditnemicnal
Taeahen TeApectively, where ¥r w the nimber of in-
ternal verticea

The ohj ertive Fimetien o contimienn aned heameded
helerw em the nememnty, cleasd feaaihle region.
Therefome, if the feaaihle wgion v alao heimded,
we can amett the exintewe of an optiteal Aol
tiem to the prohlera. The fesaihble wgiem will he
hemmedeed, foor exaraple, iF all of the taeh nedea ame
in & henmeded ast.

3. QOFTIMEZATION METHQODS

The optitnization prohlern we want toaolve a hoth
nemeemvex sl emlinesrly comtrained, propertisa
that can pese diffienlty for optimizetion Tetheda.
Therefore, we evaluate & variety of algerithrn teo
determnine theit mhintneda amd apesd. The differ-
ewed &g the optmisation methesda s o ew
they hamdle cematrainta, calenlate itaprening ofi-
retema, and aecent new iteratea. The algerithma
comidersd in thin Eper can be roughly clasified
inter asrmential opeadTatic programaraing, interior-
peant, and angraented Tagrangian metheda We
refer the reader te [21] for mome detalled nfrmne-
tiem em mmerical optiTrization Tastheda

Serpuential euadratic pregrammring iethodn iter-
atiwely aolve optitnizstion prohlemir comtaming &
g tatic appreaimation te the ohjective fimetiem
aned & 1imesr appreadmaation of the omarainta te
determine & dmectieon. Many wriatiom on thia
theme exit and have heen itaplerented. We com-
AickeT two package o thia categery: Filteral P and
SNOPT. Filter3QF [20] nas an exact Henian and
incerpeotaten & trnt region to reatrict the length
eif the caleulated direction. TF the full direetien |
nest anceptahle, & mew ditection s calenlsted hy
tightenimg the lemgth reatriction. The acrentams
crterion e the notiem of & ilter and allewa men-
Taemestemie hehavior in the ohjective funetion and
nerTnof the cematraint visktien. FROPT [14] masm
an Appreasamatom to the Headan and & linersarch

alemg the calewlated ditention to fined an Traprear-
ing iterate. Both ceden mae an artive aet taethexd
ter anlve the guiacdratic mhpmobleTw generated

Tnterior-pednt methoda reformailate the ofiginal
inerquality-rematraingd optirvizatien problers inte
cme cemtaI T emly erqiality comatrainta by adeing
alack variablea amd then rerewmg the henmck em
the alack variahlea hy imorporating thern inte the
chjective with a log-harfer penalty fimetiem. Por
the prohlem comidersd, the realtmg reforrmila-
tiem in

TN i e — v, na,

anhjent to (e ) = 8, + 17 for all g,

where a,, &re the dark variahlea amd 1 s the
penalty parammeter.  The reforranlatiom v then
aolverd for v crmverging to zern. TGN and
KhITEQ am the two crxden that we comaider n
thi categery. TOQO [28] avlves the ermslity-
comttained prohlern wAng Wewton's methed to
cakulate & directicm and then fimda & new iter-
ate ing & Inerearch alomg the diection. HKhT-
TR [3] med & aequential quuadratic programmmeg
Taethexd with & truat Tegiem to caloulate the ac-
Tutien ter the equiafity-cematrained prohlern for &
fixeed 2.

Angraented Tagrangian metheel refomnlate the
inemality-cematrained prohlern inte & problem
with emly aitaple hewmda by adding alack wari-
ahle aml incerporating the reanlting amality oom-
AtTaInta Tnte the chjective Amection. LANCETLOT
[8] W in thin categery. Tt aolved the weanlting
henimed crmiatrained prohlern Ring & trmt-region al-
gorithm. MTWOS [23] s aimadlar i that it mes an
angrented Tagrangian appresach. MTROH, e
ever, alan Telhieded & lineariestion of the wnline
eaT cemAtTRITA Tn the anhprehErm amd aolves the
lineatly cematrained prohlern with an active ast
methed. See [21] for & complete deacription of
angrented Tagrangian taethedn.

We alao cemiidet twe Tethexda apenifieally written
ter Aolve the imecuafty-comtrained optimizaten
prohlern aing kmnewn inforraation. Tn partienlar,
we are guaranterd that we will atart from s feaaihle
prAint and that wme of the nonlinear oonatraint
w1l te aatifled sa equafitien at a aolutiem®. The
latter cemelitiem meana that the comatrainta are e
chimdant and can te remacved, previded we aafe-
guard the algerithm to prevent eleTent Tnvemiona.

T ntangling methoda san b oacd ko cecnde an iy
valkd moh [14] and § con alwaga e choen mfciont by
amall ko goaranbes the aomond  condition.




The firat methed, WLOG [19], 1aea a Polak- Rilige
Temlinest cemjngate gradient taethod [29] with an
inexant Tinesanch. The asrmd, Pesalewt, a a
fesaihle hewtem maethod that alvea & emadratic
appreaaTaaticm of the ohjective fineten to find &
eiterticm and perforrm & lineasanch alemg thin ofi-
rectiom teo fined an itaprenvedd pent. The Atep Aize
in reliced whenever an inverted elernent ia framed .
The dirention ia calonlated wming conjigate gradi-
enta. The me of comjugate gradienta o Tapeortant
heraine we want to callate sther & rainimiEer
of the uadratic appresdmiation or & directen of
negative curvature. Tn et caam, the comjugate
gradient Taethed applied to the quadratic approx-
irnaticomof the ohjective fimction preaides aech chi-
rentima. For the teat chas weperted | an AQQTOTTH-
ate dhirectiem wad alwaya foumned with the comjugate
graclient methexd. Thia appreach s aitailar to the
TDerwhe and Fieitwng raethod [#] for nncomat rained
Cptirnzaticom.

4. NUMERICAL RESULTS

Bersme we want to aolve teedh cpislity optitniza-
tiem prohlerm in ranltiple ditnendena amd for &
mmaher of diferent gesmaetriea, element ty ped, and
TineAh AIZRA, U 1% DHTHATY Mo erTR When aslent-
ing an algerithm are rohmtnem and apesd. We
alno dedre & Tethexd that comverges Ticmetemically
aned maintaing Tedh validity thregheut the opti-
maizatiom prexem. Sich & methed can he termad-
nated early with & guarantesd iTaprevement in the
ahaemality maettic. The method cheasn Alweanld
alan effertively e the initial peint provided sa in-
pt ter the optimization renting aa it I8 typically
neat & Achitiem. Thia property wenld alans emanme
efrctive tedtarta ate peadible Preomn & partially com-
verged aition. Fmally, hecsmae today's medhes
comtain & very lange mimber of eletaenta, the cho-
azm Tnet hexd alennld he aralable with reapect to the
mmaher of elerenta awl pamllehzahle.

Feor thia atedy, the optmaizstion problets waa it
plemented in the AMTPT micdeling Tanguags [10].
Tn gemersl, mexleling languagea prearice san eany
way to algehraically repredent optiTaRaticm proh-
letan, can desl with large qpwantitien of dats, aned
antemnstically caloulate the derivative amd Hea-
aian information nesded by the aolem We chims
AMPL herame 1 s commacomnly aed and aeven of
the eight eptitizatien ferkame romidered inthia
paper arrept problerm wAtten with it We mote
that acme efficency s loat o famction, gradient,
aned Heaaten evalistiona when naing & todeling
langege. Fer oo AMPL mapkermentation of the
cptirnizaticm problern, and-cexded verdon of the
fumctem, gradient, and Headian evalsstion ron-

tinea were Taote than 100 titeea faater than thems
gemeraterdd by AMPL. Howsver, wrAting the =
giinted derivative and Hemian reatmes i titne com-
autving and prome t error Leing & comiistent
appresch in their comptation allews 1 to guuadi-
tatively compare the different riethoda.

T teat the performance of the optithzation et
ok with temmect to enr cdedmel charactetration,
we developed a aeriem of teat ceaca n hoth tovo
and three dhimendemd. We exarnined algorithm ef
fectivenema aa the mitial Teah gquality degraden,
mohKRtmead em heoth twe- amd threedinemicnal
Taeahen, cemvetgenee [ropertien, and acalability
The optitneatien paclages e different termine-
tiem eriteria welated to fenaitility amd optimaality
Tn &n atterapt te ave mems miform i, w=
wierd & toletance of 107 for the Teamme med
hy the indivichisl cptitnization methoda. Al teata
were Mm om Golatia LHireSFARLD wortkatationa.
The asthveta awilahle in A MPL were mim on & 2596
MHez werlatatiem while WG wea vime em & 00
MHez werkatation.

4.1 Eflect of Indal Megh Quality

We fitat evaluate the effectivensan amd perfor-
Tname of the varicnn optiteization Tetherda 84 the
cimality of the initial Ted degradea. Bor thia teat
we e & AiTap]e hemeyeornh eah comtaming A0
erpilateral triangles [pee the leftmest mesh in Fig-
wre 1) and create & AEries of iNcresaing y peoT fsl-
ity mweshen hy pertirhmg the vertvea by & per-
centage of the initial ieh edge Tength in & ran-
e chirertiom. The petturbed meah ja checked te
emwire that there aw no inverted elernenta. For
thwn aemies, the pertuthation percentage are 0, M,
T, 0, and #. The meshe correapemweling te M
ancd # perrent pertirbation are dhown m the oo
rvightteat redhen in Figime 1, reauertively. Tahle
1 teperta the ekt and average valiue of the
TAERT Tatlr Tetric for the flve initial raesshe.

Tabke 1. Madousm amd average mesn @mim mebrc
Fiw the hoeycmrh =i ok te inidinl mesh

F | MR, |MR.,
0 1.00 1.00
| 1. 1.0
Ly 210 1.08
80| 458 1.16
9 | 322 2 40
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Fpee 1. The hoeycmrh mesh aries

Seven optitaization Aohvet™ were Tim om thin Astien!
the aix general-pinpeae cexlen amd the Peaalewt
methexd. We are mwot ahle to report rweulian for
WIALAG em the twe-diTnemicmal teat ceaed 84 1t R
carrently availahle emly for three-dirnendenal CL -
BIT [] eahen. Figure 2 aheswa the time to aolir
tiem & & function of the pertarhation perrentage.
Bersae the ceat of the Tethexds vanfes dramati-
cally, we plot the eanlta uamg & legarithmie acale
in tite. ™o peint G plotted in the graph if the
algerithm waa imahle to calonlate an optitnal ac-
Tutiem.
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a Furnctan of the pedwhsbion peceniage

The Peadh ewt and KWTTERO acslvem teach the op-
tirnal taesh in the Alerteat arcmt of time for thia
astied of prohlema T hoth caaes, the aolver e
fertively e & near-optmaal initial peint; the zemo
perturhatiom cane a net optiteal hecsae the ini-
tial Taeh peants were trimcated to four decitaal

places in the AMPL data flle. The trie optiTinm
in ohtained in cme aned two terationa, awl (0061
aned 1.80 ecemdh, reapentively. A the initial gpisl-
ity of the eah womem, theas two aolverm reepiite
& Alowly, T ntemically T teaaing arneimt of tiree
ter fimed the optitesl achition. The Feady ewt aolver
in Alightly faater than KINTTRO, Tecpiting & Tiax-
iToma of 593 aecemeda o aolve the hardeat of the
flwe teat rame comapated with 662 aecemidh neederd
hyr KAITRO.

Tn the peromd perfrmance tier, we plee the
LAROFLOT, TLOQO, and FikedSQP aslvem
Fach of theas methexdn anccemfnlly aolved all of
the teat cased it reiited aignifeantly rcre tirme
than the Feaahewt and KhTTRO aolvera. Tn par-
tirmlar, theae Taetheda reepireed 4, 33, and 12 3t-
etastiona, and JFLg1, 44, awd 1728 aecomda 1o
aclve the imperturhed prohleny, reapectively. Aa
the pertirhation increaned, the aohem regqnmed
tema t el reda of aeremda te calmilate & sl
tiem. Ome of the methods, TGO, dess ot i
creade Tenctomcally inoceat. The initial derreae
in titne Talikely die 1o the nature of interior-point
maethexdn, which temd to perform hetter when the
initial point ja et too cleas i the aslution. Aa
the initial cuality womsna, ™ ee & genetal -
creade the nmimter of iteratiom. Tn the #) per-
cent petturtation ceae, TAOCD appeam to invert
acTne elernenta of the reah and roomt then mtum
ter the fesaible regiom, aocenmiting fior the ke in
the time.

SROPT aml MTWNOS performa the womt on thia
teAt asrim. Both are prohibitively expemive; WT-
WS recphted an Tnich an X Taiminted te anlve the
prohlern with & 8 perent perturhation awl waa
nmahle teoaolve the prohletn with & 98 perrent per-
tuthatiom. SWOPT wouired 3 heama to aolve the
i pecent pertirhation case. The lomger TIMMATE
titnea were expected hecanae thess maethexda uas
emly fimat-crder infermation and appresitiate the
nesrder] Hendian raatriced.



4.2 Two-Oimensdonal Tear Casea

T further evaliuate the pefomyance of theas aeven
actlvet, e analyee their ahility o aolve two twe-
eliTneTicmal et cear. Both tea chara &T8 gENET-
aterd wang the Triangle Tish generation Tarkame
[Z8]. Thefirat teat cane, ANT, haa & comese geori-
etry. The mish generated by Trisngle waa racxhi-
fled hyr Terimeg the interior verticea to deliherately
create prorgality eletenta slemg the henmedary,
The aeremed teat coae Rand, s generated by ran-
demaly cheesimg peinta i the wnit ageare amwd tri-
angulating themn wming & Delaunsy critericn. Tn
Tahble 2, we give the total mimaher of verticen aned
ekreenta, Ve and E, the mmher of interior ver-
tirea, Vi, and the maacirmmy rasan ratio and aver-
age Tnean Tatio, M e and M o, for each teat
cae. The tealen & Aheswnoin Figure 3.

Toble 2 The sor amd nibid quolily of the bwoe
dimema| test cmrs

Mesh | Ve 1 Vi | MR | M Rog
ANL 2 A5G | 181 B.232 1.73
Ramd | 1152 | 2170 | 837 3146 1.84
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Fapre 3. The two-dimemnna beut cawes AR

The ranta of running each of the asven opti-
maization Aohrera om the twe-dirnemional meahes
are given in Tahle 3. Por each anlver, we meport
the terrmination atatia, .5, of the aolver an an <5
or an “F* for aucceed or fail, reapectively. T the
maethexd Tath, we give the termination eisge e
perteed by the aolver. TF the aethed aeresda, we
renert the reanlting meah quiality o temman of the
TaKITIT &nd average Tisan Tatio winen, ME,

Tobke 3. The meh qualidy Gme, amd #Eoobon
commni fow e opl i oo anlves sppled o the bsoe

dimema| test cmrs

Mrthod | 8| Mg | MHug | 1 | 7
ANI.
FemMewt | & | 182 R REERE
KNI IHO F | *Nnn rrgion radine koo mmal
LANCELLX" | F | Mo deceese in conermin vidabion
| £ [ 182 | 1M (1@ | W
Fike3Q* | 5| 182 | 111 |awm | m
MO 5| 182 | 1m | =7 | 2@
M MK I | 1*mblem nrbnded or badly sl
Hand
FemMret | % | 220 | 132 |=;0 | =
KNI IHO I | *Imn region radine ioo mmal
LANCELLX" | F [ Mo decrrese in conmbrmin vidabion
| £ 5| 220 | 12 | @2 | =@
FikesEQ' | % | 220 | 132 | &R | 284
MO I | Killed bt 28 hone
M MO F | Cannot aknlae mpoyng poni

and MK, reapectively; the oeat in aecemda, T
and the nmaber iteratiom, I

The fuality of the ed &t the optinesl aohiion
for heth teat problema fa comidetably TTaprewved
for AWL, M, haa heen reduced fremn 082 to
1.62, and M Tea heen ediced fremn 1.73 te
1.11. B Raml, MR had heen redieed from
326 to 2.0, amd M H..p haa heen rediced from
1841112 On theas two prehlerm, The Fesah ewt
and LOQO aslvera are the Teat performer; they
actlve hioth teat prehlerns aeeeaafinly awl are com-
parahble in tertm of tire. Filter3dP, althongh it
actlwen hieth teat caass, in orcleta of Teagmitude Tere
expemaive than either the Fesahewt or TLOGQO
aclverm. KAITRO, LARCELOT, and MTROS are
nmahle to aolve either of the two teat prebleman
and prodhice tangled tashen. Cnee an element he-
came inverted, there algomithrm prceeded to de-
cresar the ohjertive fanction te negative nfinity,
Tt mearer returned to the feadhle regien. SNOPT
acrlwerd enly the relatively esay AN teat cans bt
recpinted 257 aecemds to deo Ao wherssa the other
ancremfinl raetheda reprited &t maeat 10 asemda,
Given the lack of rolmamess aned expemne of K-
TEQ, LANCELOT, ShOPT, and MThOS, % do
neit ermaider thera firther.



4.3 Three-Dimemlonal Tear Coaca

We newr 1ae the remnaming aolvera, Reaakewt,
TR, and Flteral]P, to mprove the gusality of
four tetrahedral Tedhes generated wdng the OL-
RBIT rmedh generation package [1. We alao meport
the meanlta for the WLOG anlver dewrihied in See-
tiem 3. For earh teat caae, we give in Tahle 4 the
tetal mumaher of verticen amd elerents, Yo and R
the mmater of interior verticea, ¥ and the maxi-
TV TERTE TALTO el averame Tacan ratio, ME,
and MK, .. The medhed are ahewn m Figre 4.

Tabike & The sare amd indtizl qeliy of the Hwee-
dimema| test cmrs

Meah | Vo F | V& | MBuuz | MBng,

Dwet | 1106 | AHGT | 332 3.00 12
GERT 255 | H146 | B0 284 19
Femrn | 1337 | 4347 | 58 .0 1

Heek | 1190 | A675 | 00 | 3.36 132

An with the two-dirnemicnal caed, we Teport in
Tahble 5 the termination aatua, inal Tnenh ogiality,
titne ter aoliticm, &ned iteration conmt for the thres-
eliTe TRicmR] CaaRa.

Tn &ll coaen, the average Taeam ratio A ITproved
at the optimsl aohnion, reflecting the goal of the
chjective famction forrmnation. We note that the
itnpreveraent in ot A dramatic 84 it waa in the
twedditemiomal cearm, hecanae the initisl maeh
fiality n groeed. T three of the four teat coaea
the TasxiTmITe Teean TAtio T &l Tapmeved, even
theagh it A mot explicitly the gesl of the opti-
Taizaticm precedute; in the Gear teat problem it
in alightly woraemed. ATl fionr tethexda are ahile to
anlyve &1l of the teat caaed) these are Tated in order
fromn feateat toalewet: Feadyewt, TOQO, WLOG,
and Filter3)F. The Fesahlewt aolver ia a facter of
2.2t 1% tmaea farter than ita nearest competi-
tor im all teat caned. While FlterSGP aucremfully
anlverd a1l teat caae, 1t a & facter 36 to 19 titea
Alewer than Fead ewt.

4.4 Comvergence Habordea

Tn reany ceaae, the exarct cptmal aohition s wet
rerjiite] fromn & Tedh Taproveraent  terhmicge.
Father, & wery gexxd aolutem w desited ginckly.

Tobie 5. The rewd of e opbimiznbon solvers o
the Hwee-dinemansl test coaes

Method | & | MHaw | MHwe | 1| 7
I ek
FemMewt | % | 282 124 |48 | A
Pldersgy® | 5 | 282 124 | 2m2 | B2
FaALS) % | 282 124 |72 | 24
M1 % | 282 124 | @3 | a0
Gear
FemMewt | % | 328 133 | 4R |
FlberSg)* | 5 | 328 133 | #&F | D
FaALS) % | a32A 133 | @A |1
MI 03 % | 9328 183 |43 | 41
Faam
FemMewt | % | 932 133 |08 | ;5
Flbersgy* | 5 | 332 133 |maz | 3o
FaALS) % | 352 133 | 353 |17
MI 03 % | 332 183 | 7@A | iR
Hmk
FomMewt | % | 287 180 (158 | ;5
Flbersgy® | & [ 297 130 | 278 | av
FaALS) 5| 2m 130 | &8 |18
MG 5| 28 130 | ®0 | 82

Thik, we nw evalwate the cemvergenee hiatory of
each metheed to determine the fesaihility of early
terraimation to wediuee comapitational ceata. The
two characteriatics that weald maks thia peaaihle
aMe TRoMOtemin cemvetgence teo the aohitiemn and Aig-
nifkant early presgeda tesmard the optitaal pomt.
We plot the value of the ohjectve function aa
a funetion of time for each anlver emo the three-
eliTneicmal ted caned &l Ahow the reanlta in Fig-
ure 5. Thete that the herizemtal avia W araled to
highlight the early comvengemwee behavior of the
Taethexdi, &ned the comapkte tire hiatory of aome
eif the Tethexda Tn et Al

The Fesalewt, FilterS3QF, awd WTAAG aclveta all
comverge to the optiteal aohition tecmeotemically,
making thern cancdhidates for early temiyination.
TA0) ehewrn iest &lwegra cemverge Temotomically aa
in Thmtrated Wy the Thet, Heok, anwl Fram teat
casen. Thin noenmemotenic behavior a canased hy
the pemwalty functiem, which allewa TG 1o wiait
prAnta far frema the aslutien hefore converging to
the optiteal peant. Thim, even thogh ita total
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timne ter anlutieon aa reperted in Tahle 5 ia Eaa than
Fitter3JP in &l1 cearm and 8 Teaa than BNTAAG n
three canen, it typically takes Toech lemger to &
presch the optiteal anhition. Thik, it s wet & geoexd
candidate for early termrination.

OFf the three maetheok that cemvenme Tacmeteomni-
cally, Pesahewt anpresched the optinel ashiien
the gonckeat i &ll four caasm,. T two of the four
cased, the WLOG methed s very comapetitive with
Fesah et m terman of hew it appreschen the opti-
Tiva] aslitiem, even theaggh it tales roch omger to
cemverge to the exact optiteal eoint. Tn the other

two e, 1t take ahent twiee aalomg to aQpTeach
the optitssl peint. FiltersQP taken two to thee

titnen biger than Peaalewt to appresach the op-
titnal pednt M all casea. Farthermore, Filter5QP

in oot guarantesd to Tacnctemically derresae the
chjective fimetion, even theugh thin hehavier waa
chrerved em the teat prohleEmm.

4.5 Scalehliny

T ohtain & aemae of weew theae et weoda w11 acale
ad the proohlem ABE incresasm, we eXamame ther



perforrnance em the Thet geemaetry aa the nmber
of elementn ineresas. The ish fizs awl gisality
information are given in Tablke 6.

Toble 6. The e amnd mmbdl qelity of 7 wvies of
m:l-l. oeated on the diedt peamebry o bt wnlae
bty

Merh o 1 Tr

M Fonee | M Roa

Dwetl | 1067 | 1M Jaz ¥ 1.
Tt | 238 | 2000 | 255 3.55 1.1
Thetd | A198 | 19322 | X2 3.8 1M
Dhwetd | THET | 33045 | 1130 7 1.0
Duetd | 13183 | 63071 | 8732 4.3 1.1%

The total tme to ashiion and iteration conmita
frr the Feaahewt, FilterSQP, TOQOQ, and hIG
maethexdn are given in Tahble 7. A deah entry in-
tlicaten that the Tethod was imahle te anlve the
prohlers ™ & Tesrmable amaemt of tite. Al the
prohlera Aze iwresses, the Fesalewt method
comiatently the faateat methed and rasintaing &
neatrly comaant mimaher of iteratioma. Fach itera-
tiem herored Taote eXpendve ad the problern Aize
incresasn, ot of a1l the Tethexds cemaicered, thia
Taethexd'n total tite te aohrticn growa the tcat
Alerwly. Altheagh LOGO and WLOG regpite ahomt
the aarne arweunt of fitne o aolve the Thict1 proh-
Tern, the WLOG maethed 8 tacte acalable o that
ita fitne ter Aolition growa Taeore Alowly 84 the the
prohlera alze imeresas. Tn particnlar, the Thetd
to Duct! ratio for WLOG w438 and for TOQO
in 1.3 The Filter5QP maethexd dees met perform
well a4 the problemn Aige Tnctesasa, TEINTIRT GVET
3 heama te aolve the Thietd problem. We did ot
inveatigate it hehavior om the Thetd and Thetd
prehleraa,

5. CONCLUSKINS

We have comhted & asrie of numerical experi-
maenta te deterrame which of aevera] aelerted onti-
Tivizatiom et hee are Taeat aintahle for aoheing the
Taeah Ahae guality optmisation problem whers
all of the verticed are Amnnltanesaly Teeaitiomned
to itnprese aversge oquafity. We compared eight
eiflerent aolvera: Am atate-cf-thesart aolvera and
twn ruaom ashret we developed. Tn Tahle 8 we
auTimaarize er fAinelingn m termm of the Tethexdr!

ot eeas, tinee s anhitien, fledhifity to he mmed
with an early dopping criterien, and acalability
Tn each category, we acore the methodh aa excel-
lent (), gooexdd (G, average [A), or poor (F). A
claaherd Tine mdivate that the tetheed waa not an-
alyzerd for & gwven charast efrtie.

The tw Tetheda that performed the heat were,
nest AnTprAmgly, thewe written apecfcally for the
Taeah cuiality innpreverent problem. Tno particon-
lar, the omtom-tleveloned Beaah ewt Taethed ia the
heat perforraer inoall categeriea. Tt ashea ewery
teat prehlern and wad comaiatently the faded tech-
niepee, particularly inthree dimemiona Tt Tacmw-
tomically comvenged to a aolition and can themwfors
he waed with & flexihle atopping criteriemn. Fie-
thermere, 1t effertively e & groed Tnitial atart-
ing pent and the compitatiomal ceat growa 84 the
gimality of the initial nesh degraden. & complete
dearrintion of thia aslver Ta planmed for anether
paper. Following Feaakewt, the WLOG raethed W
alan comaddered teo he & top performer. Altheugh
we el et teat it em the two-cditnendemal teat
caen, 11 aolved every threedimemional problemn,
aned the methed in well anted for gnckly find-
ing gexxd aohitiema Firther, only Peaahewt and
MWTAAG are guarantesd to rerain fesaible with =
Apect terthe nemlinesr comtraints m the optitnza-
tiem prehlermn.

The TOGD and Filter5QP methoda, altheagh ro-
hmt, are it aa gred sa etther of the other towo
Taethexk. TOQO'R comvengemee propertiea, hoth
a4 the initial medh heremaes mcre difflenlt teo aolve
and within & gven mim, meake it an impredictahle
aolver that canmect he termainated estly. Flter-
SP waa ohaerved te comverme emctemically b
in prohihitively expendve unEad sady termaine-
tiem A comaidersd.  Beth TOQQOD and Filters QP
weanld he mere competitive with WLOG iTwe were
to erwwre cur reliance wpen AMPL amd write
ety interfanea. The other forr aolvem, K-
TEQ, TANCELOT, SROFPT, and MINGQS, were
umahle to aolve ome or tacre of the te-finiendenal
prohleran: they were net comaidered in the thres-
elirnemnicmsl tent chasm.

Meaw that premaining maethoda have heen identified
for aclvimg the meh aAhale guahity optimizaten
prohlera, & mumber of interedd ing extemicna tothia
compariam can he comidersd. Fimt, we note that
et teata of the aolvera uaed the reean ratio et
Althensghthia repreaenta & tyrpical dhape Tagtrie, in
the future it will Te meceaary to perform aimilar
teath e cther Alkne Taettica, aniotTopin Taeshes,
cther typen of mesh quality optiTnEaton Tetrica,
and chfferent ohjertive fimectiomm. Thia comapan-
arm oof eptitaRation asftwar packamsa A Wit g
hamtive. Hewever, Aie T AQpeamr hetter to uas



Table 7. The time to mhation n vrewds, 7', ad ont i ioatiom, 7, o the For mhen m mesh sore o the
Dhwt gramebry inoeaws

FeaalNewt | FilterSQP | LOQO NLOG
Medh T I T r I T I
Dwet! | 122 | 4 M0 | | BT || 650 | 18
Dwet2 | 371 | 5 | 242 | 237 | 181 |2 | 168 | 5
Dwetd | #0465 | 18730 | 630 | 807 |1 | 318 | &1
Dt | 151 | 4 - - 1T || .1 | AT
Dweth | 401 | 5 - - | 6308 | 21 | 2388 | 101
aclvera tailered to the shape eptimization prohlem B A. B Cemm, N T. M. Genld, and Fh T..

aa cppeaed te general pimpeas aolvemr, inclirion of
cither exampled of the Tatter in futwre atieded Tasy
neit he worthwhile.
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